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                                 1. zogadi cnebebi 

                 releis meTodi 

     rogorc cnobilia, rTuli eleqtromeqanikuri sisteme-

bis moZraobis gantolebebis Sedgena da gamokvleva did si-

ZneleebTanaa dakavSirebuli. amisaTvis, rogorc wesi, mimar-

Taven saangariSo sqemebis gamartivebas. kerZod, gamoyofen 

yvelaze did masas transmisiaSi da Semdeg masze dahyavT dan-

arCeni elementebis masebi, maT Soris iseTi elementebisac, 

romelTac ganawilebuli masebi gaaCniaT. 

     eqvivalentur lilvze, masebis dayvanisas, didi  dax-

mareba SeiZleba gaswios meTodma, romelic r e l e i s sa-

xels atarebs. am meTodis arsi imaSi mdgomareobs, rom def-

ormaciis xasiaTi rogorc statikuri, ise dinamikuri zemo-

qmedebis dros miRebulia daaxloebiT erTnairad. aseve cno-

bilia, rom releis meTodis gamoyenebisas sxva, ufro sru-

lyofil meTodebTan SedarebiT, gaangariSebis sizuste mci-

rdeba, magram gansxvaveba 10%-s ar aRemateba. iseT meqaniz-

mebSi, sadac dinamikuri zemoqmedebis dros bagiris sigrZe 

umniSvnelod icvleba, am meTodis gamoyeneba, Tavisi simar-

tivis gamo, did praqtikul mniSvnelobas iZens.   

     vaCvenoT am meTodis gamoyenebis magaliTi. ganvixiloT 

uZravboloian drekad bagirze Camokidebuli m masa; bagiris   

grZivi metris wona iyos , xolo sigrZe  (nax. 1.1). 0km L
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                    nax. 1.1 

    Teoriuli meqanikidan cnobilia, rom aseTi sistemis mo-

Zraobis gamokvleva dakavSirebulia kerZowarmoebulian di-

ferencialur gantolebis amoxsnasTan da metad rTul da 

Sromatevad samuSaos warmoadgens. bagiris masis ugulebely-

ofa amartivebs amocanis gadawyvetis problemas, magram aseTi 

daSveba metad arazust Sedegebamde migviyvanda gansakuTrebiT 

iseT SemTxvevaSi, roca bagiris masa masze Camokidebuli tvi-

rTis masis Tanazomadia.    

      vTqvaT, bagiris kveTis gadaadgilebaa bagiris Camag-

rebis adgilidan  manZilze deformaciis dros. maSin, bag-

iris  sigrZis monakveTis kinetikuri energia toli iqn-

eba  

u

z
zd

            2 2
k zk

1 1dT u dm u m dz
2 2

= =& & 0k ,           1.1  

sadac, bagiris  monakveTis masaa, xolo  bagir-

is erTi metris masa.  

zkdm zd 0km

     bagiris sruli kinetikuri energia iqneba 
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L
2

k 0k
0

1T m u d
2

= z∫ & .                    1.2           

     bolokidul tvirTze damatebuli bagiris masis kinet-

ikuri energia aseve am sididis toli unda iyos 

             

L
2

k 0k 0
0

1 1T m u dz m
2 2

= =∫ & 2x& ,             1.3  

sadac,  tvirTTan bagiris Camagrebis adgilis gadaadgile-

baa, xolo - bolokidul tvirTze damatebuli bagiris 

masa. am bolo gamosaxulebidan  

x

0m

                

L
20k

0 2
0

mm u
x

= dz∫ &&
.                   1.4 

     Tuki cnobilia -s cvlilebis kanoni, am integralis 

gamoTvla sirTules ar warmoadgens. 

u

    releis meTodis gaTvaliswinebiT, u -s cvlileba Seesa-

bameba deformaciis xasiaTs statikuri datvirTvis dros.  

    ganxilul SemTxvevaSi, bagiris statikuri deformacia 

icvleba wrfivi kanoniT da SeiZleba daiweros  

              xL
zu=    da  xL

zu && = .              1.5 

    Tu am ukanasknels CavsvamT -is  formulaSi, miiReba 0m

     

L L 2
2 20k 0k 0k k

0 2 2 2
0 0

m m m L mzm u dz x dz
x x L 3

= = =∫ ∫& &
& & 3

= ,  1.6 
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sadac - bagiris mTliani masaa. km

     amrigad, sistemis rxevisas, bagiris masis kinetikuri 

energiis gasaTvaliswineblad, sakmarisia bolokidul tvir-

Tis masas daematos bagiris masis mesamedi.  

 

       moZraobis diferencialuri gantolebebis   

            Sedgena lagranJes  meTodiT   

     l a g r a n J e s  meTodi dafuZnebulia ganzo-

gadebuli koordinatisa da Zalis cnebaze. 

    ganzogadebuli koordinatis cnebaSi igulisxmeba erTma-

neTisagan damoukidebeli calsaxa drois funqciebi, ro-

melTa saSualebiTac mTlianad ganisazRvreba sistemis moZr-

aoba. ganzogadebuli koordinatebis pirveli rigis warmoeb-

uls uwodeben ganzogadebul siCqares da aRniSnaven si-

mboloTi. 

)t(xi

)t(xi&

    ganzogadebul koordinatebs miekuTvneba nebismieri da-

moukidebeli parametri: wertilebs Soris manZili, mobrune-

bis kuTxe, mobrunebis kuTxeebs Soris sxvaoba da sxv. 

    lagranJes gantolebas ganzogadebuli koordinatisaT-

vis Semdegi saxe aqvs: 

x

                 x
d T T Q
dt x x

∂ ∂
− =

∂ ∂&
.                 1.7 
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     aq cvlad sidides x  koordinati warmoadgens. misi 

wa-rmoebuli droiT ( ganzogadebuli siCqare) aRniSnul a 

x& -iT, sistemis kinetikuri energia T -Ti da bolos, -iT 

aRniSnulia ganzogadebuli Zala. Q  ganisazRvreba rogorc 

yvelanairi Zalis (rogorc Siga, ise gare) mier Sesrulebu-

li usasrulod mcire muSaobis fardoba x  koordinat-

is usasrulod mcire dx gadaadgilebaze, anu  

i

xQ

x

dA

                   dx
dAQx = .                       1.8 

     rogorc wesi, moZravi sxeulis kinetikuri energiis 

gamoTvla ar aris Zneli, radgan igi advilad gansazRvreba 

ganzogadebuli koordinatiT. x&

     cota ufro rTuladaa saqme ganzogadebuli -is 

Zalis gamoTvlisas. saerTod, misi gaangariSebisaTvis saWi-

roa ganisazRvros yvela Zalis mier Sesrulebuli muSaoba 

usasrulod mcire monakveTze.  

xQ

     ganvixiloT martivi magaliTi (nax. 1.2). 

       

                       nax. 1.2 
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      vTqvaT N  wonis tvirTi  Zalis gavleniT moZraobs P

f xaxunis koeficientian zedapirze. sxeulze moqmedebs Sem-

degi Zalebi: sakuTari N  wona;  reaqciis Zala, romelic 

 Zalas awonasworebs;  gareSe Zala da 

1N

N P NfF= xaxunis 

Zala. ganzogadebul koordinatad miviRoT sxeulis gadaad-

gileba zedapirze Zalis moqmedebis mimarTulebiT da igi 

avRniSnoT -iT. maSin, dx manZilze Sesrulebuli dA muSa-

oba gamoiTvleba 

P

x

                  dx)FP(dA −= .                    1.9 

     rasakvirvelia, ganzogadebuli Zala iqneba  

                   FPQx −= .                     1.10 

    Tuki Zala iqneba iqneba nulis toli ( maSin, rode-

sac sxeuli moZraobs inerciiT) 

P

                  FQx −= .                       1.11 

     aRsaniSnavia, rom Tu ganzogadebuli Zala iwvevs ganz-

ogadebuli koordinatis gazrdas (am SemTxvevaSi koordi-

natisas), maSin igi aiReba dadebiTi niSniT, winaaRmdeg Sem-

TxvevaSi - uaryofiTiT. 

x

     brunviTi moZraobis dros ganzogadebuli Zala igive 

meTodiT ganisazRvreba. 

     ganzogadebuli Zalebis gamoTvla mniSvnelovnad mar-

tivdeba, Tuki sitemaze moqmedebs mxolod konservatiuli 
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Zalebi. maTi muSaoba ganisazRvreba mxolod ganvli manZilis 

saboloo wertilebis koordinatebiT. 

     konservatoruli Zalebis magaliTebia simZimisa da dre-

kadobis Zalebi. sistemaze moqmedi konservatiuli Zalebis 

ganzogadebul Zalas warmoadgens sistemis potencialuri 

energiis kerZo warmoebuli Sesabamisi ganzogadebuli koor-

dinatiT, aRebuls sawinaaRmdego niSniT 

                   i
i

Q
x

∂Π
= −

∂
.                    1.12 

     zemoT ganxilul magaliTSi (nax. 1.2) sistemas gaaCnia 

mxolod erTi Tavisuflebis xarisxi. zogad SemTxvevaSi si-

stemas SeiZleba hqondes nebismieri raodenobis Tavisufle-

bis xarisxi da misi mdgomareoba ganisazRvreba amave raode-

nobis ganzogadoebuli koordinatebiT. amisaTvis, TiToeuli 

koordinatisaTvis unda Sedges calkeuli lagranJes ganto-

leba da Semdeg igi amoixsnas erTad, mTlianobaSi. 

     amrigad, rogorc cnobilia, lagranJes gantoleba sabo-

lood SesaZlebelia amgvari saxiT daiweros: 

            i
d T T Q Q
dt x x x

∂ ∂ ′− = +
∂ ∂&

,                 1.13 

sadac - iT ganisazRvreba mxolod arakonservatiuli Za-

la, xolo konservatiuli Zala Seva 

xQ′

ix∂
Π∂

 gamosaxulebaSi. 

 9



     ganvixiloT lagranJes meTodis gamoyenebis martivi ma-

galiTi. vTqvaT, masis blokze drekadi, uwono ZafiT Ca-

mokidebulia masa (nax. 1.3). davuSvaT, rom Zafis sixist-

is koeficientia . sistemas gaaCnia ori Tavisuflebis xar-

isxi (  da ) da rogorc avRniSneT, moZraobis aRmweri 

gantolebebis misaRebad saWiroa lagranJes ori gantolebis 

gamoyeneba 

2m

1m

c
x y

            

x x

y y

d T T Q Q ,
dt x x
d T T Q Q .
dt y y

∂ ∂⎧ ′− = +⎪ ∂ ∂⎪
⎨ ∂ ∂⎪ ′− = +
⎪ ∂ ∂⎩

&

&

            1.14 

     sistemis kinetikuri energia ase daiwereba 

              2
1

1 1T m x m y
2 2

= +& 2
2 &                 1.15 

 

                

                    nax. 1.3 
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    sistemaze moqmedebs mxolod konservatiuli Zalebi (si-

mZimis Zala da Zafis drekadobis Zala -gm1 )yx(c − ). am-

is gaTvaliswinebiT - .0QQ yx =′=′   

     radgan masa qvemod gadaadgildeba, misi potencia-

luri energia mcirdeba. sistemis mTliani potencialuri en-

ergia 

1m

            2
1

1m gx c(x y f )
2

Π = − + − + 0 ,         1.16 

sadac 1
0

m gf
c

= , bagiris sawyisi statikuri daWimulobaa. 

    ganvsazRvroT yvela wevri, romelic lagranJes ganto-

lebaSi Sedis 

 
2

1 2
d T d xm
dt x dt

∂
=

∂ &
; 

2

2 2
d T d ym
dt y dt

∂
=

∂ &
; 

T 0
dx
∂

= ;  0dy
T
=

∂
; 

  

1 0 1

0 1

m g c(x y f ) m g c(x y) m g
x

c(x y f ) c(x y) m g
y

∂Π
= − + − + = − + − +

∂
∂Π

= − − + = − − −
∂

1

   1.17           

     amrigad, 1.14 gantolebaTa sistema miiRebs saxes 

         

2

1 2

2

2 12

d xm c(x y),
dt
d ym m g c(x y
dt

⎧
= − −⎪

⎪
⎨
⎪ = + −⎪⎩

).
                1.18 
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     miviReT ganxiluli sistemis aRmweri diferencialur 

gantolebaTa sistema, romlis amoxsniTac sruli warmodgena 

gveqneba masebis moZraobis xasiaTze. amovxsnaT es gantoleba. 

     nulovani sawyisi pirobebisaTvis, 1.18 sistema, operac-

iul formaSi Caiwereba 

          
( )

( )

2
1

2 1
2

m P c x cy 0;
m gcx m P c y .
P

⎧ + − =
⎪
⎨
− + + =⎪

⎩

            1.19 

 

      misi amonaxsnebi ki iqneba           

         
( )

( )

3 2 2
2

2
1

1 3 2 2

cg 1x ,
m P P

m P cy m g .
P P

⎧ =⎪ + ω⎪
⎨

+⎪ =
⎪ + ω⎩

                 1.20 

     CvenTvis ufro sainteresoa aCqarebebisa da siCqareebis 

gansazRvra. amisaTvis 1.20 sistemis orive gantolebis orive 

mxare gavamravloT -ze da gamovTvaloT aCqarebebis sidi-

deebi, Semdeg ki maTi integrebiT ganvsazRvravT siCqareebs. 

Sesabamisad, aCqarebebi - 

2P

        

[ ]x 0

1
y 0

2

a a 1 cos(ωt) ;

ma a 1 cos(ωt) ,
m

⎧ = −
⎪

⎡ ⎤⎨
= +⎢ ⎥⎪

⎣ ⎦⎩

              1.21 

     siCqareebi - 
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( )

( )

x 0

1
y 0

2

1V a t sin t ;

m 1V a t sin t .
m

⎧ ⎡ ⎤= − ω⎪ ⎢ ⎥ω⎣ ⎦⎪
⎨ ⎡ ⎤⎪ = + ω⎢ ⎥⎪ ω⎣ ⎦⎩

              1.22 

     sadac 2 1 2

1 2

c(m m )
m m

+
ω =  1/wm2- sistemis rxevis kuTxu-

ri sixSirea, xolo 1
0

1 2

m ga
m m

=
+

 sistemis saSualo aCqare-

bis sidide, anu aCqarebis is mniSvneloba, romliTac aCqarde-

bodnen masebi, maTi damakavSirebeli Zafi uWimavi rom yofil-

iyo.   

     Tuki bagiri Tavidanve moWimuli ar iqneboda, anu 

, maSin 1.18 gantolebaTa sistema miiRebda saxes  0f 0=

       

2

1 12

2

2 2

d xm m g c(x
dt
d ym c(x y).
dt

⎧
= − −⎪

⎪
⎨
⎪ = −⎪⎩

y),
                1.23 

    xolo aCqarebebisa da siCqareebis mniSvnelobani Sesa-

bamisad gamoisaxebodnen, 

     aCqarebebi - 

      

[ ]

2
x 0

1

y 0

ma a 1 cos(ωt) ;
m

a a 1 cos(ωt) ,

⎧ ⎡ ⎤
= +⎪ ⎢ ⎥

⎣ ⎦⎨
⎪ = −⎩

                1.24 
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     siCqareebi - 

         
( )

( )

2
x 0

1

y 0

m 1V a t sin t
m
1

;

V a t sin t .

⎧ ⎡ ⎤
= + ω⎪ ⎢ ⎥ω⎪ ⎣ ⎦⎨

⎡ ⎤⎪ = − ω⎢ ⎥⎪ ω⎣ ⎦⎩

            1.25 

      

     rogorc 1.22 da 1.25 gamosaxulebebidan Cans, siCqareebi 

icvlebian sworxazobrivi kanoniT, romlebzec sinusoideebia 

damatebuli da process aqvs Cauqrobadi xasiaTi.  

     realur eleqtromeqanikuri sistemebis drekad elemen-

tebSi (am SemTxvevaSi amwev bagirSi), ueWvelad arseboben di-

sipatiuri (energiis fantvis) Zalebi blanti xaxunis saxiT 

da process yovelTvis qrobadi xasiaTi aqvs. amitomac, 1.14 

gantolebaTa sistemaSi, gaTvaliswinebuli unda yofiliyo es 

Zalebi, magram siCqareebis rxevis pirveli amplituda, rome-

lic yvelaze sainteresoa sistemaSi maqsimaluri gadatvirT-

vis xarisxis Sesafaseblad, mcired gansxvavdeba realuri 

eleqtromeqanikuri sistemis aRmweri gantolebebiT miRebuli 

siCqareebis rxevis pirveli amplitudisagan. 
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      2. saSaxto jalambris dinamikuri reJimebi 

 

       saSaxto jalambris dinamikur reJimebis ganvixilvamde, 

gamovTvaloT or sayrdenze Camodebuli gamwevi bagiris six-

istis koeficienti, romlis ricxobrivi mniSvnelobis codna 

aucilebeli pirobaa dinamikuri reJimebis analizisaTvis. mi-

si gamoTvlisaTvis visargebloT Semdegi mosazrebiT. or sa-

yrdenze Camodebuli bagiris sixiste warmovidginoT rogorc 

ori, mimdevrobiT CarTuli drekadi elementebis sixisteebis 

jami. erTi, romelic gamowveuli iqneba vertikalurad Camo-

kidebuli bagiris sixistisagan da meore – rogorc or say-

rdenze Camodebuli bagiris daWimulobisagan. pirveli six-

iste gamoiTvleba cnobili formuliT [2,3]: 

                   vC ES / l=                    2.1 

sadac- - bagiris vertikaluri sigrZea; m, E - iungis modu-

li, foladis bagirebisaTvis, n/sm2 ; 

l
7 7E (1.6 10 ...2.1 10 )= ⋅ ⋅

S - bagiris ganivi kveTi, sm2; bagiri CamovdoT or sayrden-

ze, romelTa Soris manZilia  metri, xolo saviziro ku-

Txe β , 

l
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 maSin  daWimulobisagan gamowveuli erTi grZivi metri 

 wonis mqone bagiris sigrZe gamoiTvleba formuliT [2]             

H
q

               
2 3

2
l q l cosL

cos 24H
β

= +
β

,          2.2 

    gavzardoT daWimuloba H -is sidide HΔ nazrdiT; maSin 

sayrdenebs Soris moTavsebuli bagiris sigrZe Semcirdeba 

sididiT. bagiris sixistis es mdgeneli warmovidginoT, 

rogorc 

LΔ

H
HC
L

Δ
=
Δ

 an H
dHC . amis gaTvaliswinebiT, ba-

giris sigrZis gamosaTvleli formulidan 

dL
=

        
2 3 2 3

3
H

1 dL 2q l cos q l cos
C dH 24H 12H3

β β
= = − = .    2.3  

     aseT SemTxvevaSi saerTo sixistis koeficientis mniSv-

neloba iqneba 

             
2 3

3
v H

1 1 1 l q l cos
C C C ES 12H

β
= + = + , 

da sabolood – 

             2 2

3

ESC
q l EScosl 1

12H

=
⎛ ⎞β

+⎜ ⎟
⎝ ⎠

.              2.4       

     ganvixiloT saSaxto jalambris amuSaveba. am amocanis 

Tavisebureba isaa, rom amuSavebis dros gardamavali proce-

sis xasiaTze moqmedebs ara mxolod bagiris (drekadi trans-
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misiis) masa, aramed wonac. deformaciis dros icvleba bagi-

ris simZimis centris mdebareoba, potencialuri energia da 

Sesabamisad, ganzogadebuli Zala.  

    radgan amuSavebis periodSi, Camavali skipi axlosaa dam-

xvev dolTan, saSualeba gveZleva misi masa davumatoT dol-

is masas, xolo Camavali bagiris sixistis koeficienti mivi-

RoT usasrulobis tolad da saboloo jamSi, sinamdvileSi 

sammasiani sistema warmovidginod rogorc ormasiani. am daS-

vebiT, saangariSo sqema SeiZleba amgvarad gamovsaxoT (nax. 

2.1, a).  

        a)                                 b) 

                       nax. 2.1    

    ganzogadebul koordinatebad miviRoT WurWlis ga-

daadgileba da bagiris zeda bolos gadaadgileba dolis 

zedapirze . - Zravas, gadamcemi meqanizmisa da dolis da-

yvanili masaa dolis zedapirze; L - awevis sigrZea, xolo 

2m

y x

1m
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c - bagiris sixistis koeficienti. 

     vTqvaT, jalambari damuxruWebulia da amwevi bagiris 

sigrZea L . Zravas CarTvisa da muxruWis axsnis Semdeg doli 

daiwyebs brunvas. bagiris drekadobis gamo, drois garkveul 

mcire monakveTSi, dolze da WurWlis ganvlili manZil-

ebi gansvavebuli iqneba. rasakvirvelia, rom . WurWeli 

jer CamorCeba dols, xolo Semdeg, inerciis Zalebis xar-

jze daiwyebs rxevas. 

x y

yx>

     bagiris masis gasaTvaliswineblad gamoviyenoT releis 

meTodi       

                  zL
yxxu −

−= ,                    2.5 

sadac  bagiris kveTis gadaadgilebaa deformaciis dros. 

igi bagiris dolze Camagrebis adgilidan  manZiliTaa da-

Sorebuli (nax. 2.1 b).   

u
z

     bagiris kinetikuri energia gamoiTvleba formuliT      

      

2L L
2

k 0k 0k
0 0

1 1 x yT m u dz m x z d
2 2 L

−⎛ ⎞= = −⎜
⎝ ⎠∫ ∫

& &
& & z⎟& ,    2.6 

 integralis amoRebis Semdeg iqneba 

            
2 2

k k
1 x xy yT m
2 3

+ +
=

& & & &
.                 2.7 

     sadac  - erTi metri bagiris masaa, xolo  - 

mTliani bagiris masa. 

0km km
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     sistemis sruli kinetikuri energia gamoiTvleba - 

2 2
2 2

1 2 k 1 2 k
1 1 1 x xyT T T T m x m y m
2 2 2 3

+ +
= + + = + +

& & & &
& & y

. 2.8 

     bagiris kveTis gadaadgilebis gamo gamowveuli poten-

cialuri energiis cvalebadoba  

   

L L

1 k k k
0 0

x y x yΠ m g udz m g x z dz m g
L 2
− +⎛ ⎞= = − =⎜ ⎟

⎝ ⎠∫ ∫ . 2.9 

     bagiris deformaciis gamo gamowveuli potencialuri 

energiis cvalebadoba  

               
2

2
1 c(x y f )
2

Π = − + 0 .               2.10 

     sadac amavali bagiris winaswari statikuri daWimu-

lobaa. miRebulia, rom winaswar daWimulobas  Wur-

Wlis wonasTan erTad qmnis bagiris wonis naxevari. ase, rom  

0f

gm2

              0 k
1 1f m m
c 2
⎛ ⎞= +⎜
⎝ ⎠

2 g⎟                   2.11  

    sistemis sruli potencialuri energia, WurWlis wonis 

gaTvaliswinebiT iqneba 

               1 2 2m gyΠ = Π +Π +   .                2.12 

     sistemas Tavisuflebis ori xarisxi gaaCnia da saWiroa  

lagranJes ori gantolebis Sedgena. ganvsazRvroT gantole- 

bebSi Semavali wevrebi –  
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    ( )

( ) ( )

( )

( )

1 k k

2 k k

k k 2

k 2

k k 2

d T 1 1m m x m y;
dt x 3 6
d T 1 1m m y m x;
dt y 3 6

1 1m g c x y m g m g
x 2 2
m m g c x y ;

1 1m g c x y m g m g m g
y 2 2
c x y ;

⎧ ∂ ⎛ ⎞= + +⎜ ⎟⎪ ∂ ⎝ ⎠⎪
⎪ ∂ ⎛ ⎞= + +⎪ ⎜ ⎟∂ ⎝ ⎠⎪
⎪∂∏⎪ = + − + + =⎨ ∂⎪
⎪= + + −
⎪
∂∏⎪ = − − − − +⎪ ∂

⎪
= − −⎪⎩

&& &&
&

&& &&
&

2 =

 

    da  0x FQ =′ .0Q y =′  

    - Zravas mier dolze ganviTarebuli Zalaa;  0F

    ukanaskneli sistemidan SeiZleba miviRoT amuSavebis aR-

mweri diferencialur gantolebaTa sistema 

                    2.13 
11 12 0

21 22

a x a y F Q c(x y);
a x a y c(x y),

+ = − − −⎧
⎨ + = −⎩

&& &&

&& &&

sadac --  11 1 k
1a m m
3

= + ; 12 k
1a m
6

= ; 22 2 k
1a m m
3

= + ;   

         21 k 12
1a m a
6

= = ;  ( )k 2Q m m= + g . 

     CavweroT 2.13 sistema operaciul formaSi da ganvsa-

zRvroT cvladebi nulovani sawyisi pirobebisaTvis                   
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2
0 22

2 3 2 2
11 22 12

2
0 12

2 3 2 2
11 22 12

F Q a P cx ;
a a a P (P )

F Q a P cy .
a a a P (P )

⎧ − +
=⎪ − + ω⎪

⎨
− −⎪ = −⎪ − +⎩ ω

        2.14 

     CvenTvis ufro sainteresoa aCqarebebisa da siCqareebis 

gansazRvra. amisaTvis 2.14 sistemis orive gantolebis orive 

mxare gavamravloT -ze da ganvsazRvroT aCqarebebi, xolo 

Semdeg ki maTi integrebiT - siCqareebi. Sedegad, 

2p

    aCqarebebi- 

       

2
22

x 0

2
12

y 0

a ca a 1 cos( t) ;
c

a ca a 1 cos( t) .
c

⎧ ⎡ ⎤ω −
= + ω⎪ ⎢ ⎥

⎪ ⎣ ⎦
⎨

⎡ ⎤ω +⎪ = − ω⎢ ⎥⎪ ⎣ ⎦⎩

 2.15 

    xolo siCqareebi-  

          

2
22

x 0

2
12

y 0

a cv a t sin( t) ;
c

a cv a t sin( t) .
c

⎧ ⎡ ⎤ω −
= + ω⎪ ⎢ ⎥ω⎪ ⎣

⎨
⎦

⎡ ⎤ω +⎪ = − ω⎢ ⎥⎪ ω⎣ ⎦⎩

        2.16 

sadac  2 11 22 12
2 2

11 22 12 11 22 12

a a 2a mc c
a a a a a a
+ + Σ

ω = =
− −

 1/wm2 - sis-

temis rxevis kuTxuri sixSirea, xolo   

            
b

0 0
0

1 2

F Q F Qa
m m m m

− −
= =

+ + Σ
, m/wm2 - 
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sistemis saSualo aCqarebis sidide.  

     ra Tqma unda, realur pirobebSi, bolokiduli tvi-

rTi gamoiTvleba 

Q
Q(sin f cos )α ± α  gamosaxulebiT, sadac 

 awevis gzis daxris kuTxea, xolo  moZraobis winaaRm-

degobis momenti, niSani pliusi aiReba awevis dros, xolo 

minusi - CaSvebisas. 

α f

    ganvixiloT bagiris sixistis koeficientis gamoTvlis 

meTodi jalambris SemTxvevisaTvis - 

                      nax. 2.2 

      awevis sigrZis dros, bagiris n raodenobis mim-

marTveli Skivis arsebobisas, erTi ubnis sigrZe iqneba 

0L

0
0

L
l

n
= , xolo misi proeqcia abscisaTa RerZze - l . erTi 

ubnis bagiris sixistis koeficienti gamoiTvleba 2.4 gamosa-

xaxulebiT - 

             2 2

3

ESC
q l EScosl 1

12H

=
⎛ α

+⎜ ⎟
⎝ ⎠

⎞
.            2.17 
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     daWimuloba  ganisazRvreba bolokiduli tvirTis 

woniT, anu  H Q
H

sin= α . maqsimaluri daSoreba gorgo-

laWebs Soris, roca tvirTi ar Seexeba zedapirs 

                min 1 2
0

8H (h h )l
qcos

−
=

α
,              2.18 

sadac,  bagiris minimaluri daWimulobaa, aiReba cari-

eli skipis wonis mdgenelis tolad -  

minH

             min sk kH (m 0.5m )sin= + α .           2.19  

    - manZili zedapiridan gorgolaWze mdebare bagiramde; 

standartuli saSaxto gorgolaWebisaTvis 

1h

1h 0.395= m; 

- manZili zedapiridan bagiramde malis SuaSi; aiReba 

m.  

2h

2h 0.= 1

     bagiris sruli sixiste gamoiTvleba, rogorc 

           
0 0 0

1 1 1 1 n...
C C C C C
= + + + =

0

,           2.20 

sabolood -          

                   0CC
n

= .                      2.21 

     ganvixiloT orboloiani jalambris muSaobis sxvadas-

xva reJimi. zogadad, gamartivebul saangariSo sqemas aqvs sa-

xe (nax. 2.3). 
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      damxvevi organos da mis zedapirze yvela mbrunavi 

elementis masaa Zravasa da gadamcemi meqanizmis CaTvliT; 

- Camavali tvirTis sruli masaa; - amavali tviTis 

sruli masa; - da  Camavali da amavali bagirebis six-

istis koeficientebia;  da - Camavali da amavali 

bagirebis masa; 

1m

2m 3m

1C 2C

k1m k2m

X , da  - Sesabamisad ,  da  

masebis gadaadgilebebi; F - Zravas mier ganviTarebuli Zala, 

dayvanili damxvevi organos zedapirze.  

Y Z 1m 2m 3m

0

    moZraobis diferencialuri gantolebebi Sesadgenad vis-

argebloT releisa da lagranJes meTodebiT. 

     sistemis sruli kinetikuri energia - 
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2 2 2
1 2 3

2 2 2

k1 k2

1 1 1T m X m Y m Z
2 2 2
1 Y XZ X 1 Y XY Zm m
2 3 2 3

= + + +

+ + + +
+ +

& & &

& & & & & & & & 2

.
      2.22 

     potencialuri energia - 

   

2
2 3 1

2
2 k1 k2

1m gY m gZ C (Y X)
2

1 1 1C (X Z) m g(X Y) m g(X Z).
2 2 2

Π = − + + − +

+ − − + + +
 2.23 

    sistemas gaaCnia sami Tavisuflebis xarisxi da saWiroa 

lagranJes sami gantolebis Sedgena  

 

1 k1 02 k1 k2

k1 2 k1

k2 3 k2

d T 1 1 1 1m m m X m Y m
dt 3 3 6 6X
d T 1 1m X m m Y;
dt 6 3Y
d T 1 1m X m m Z.
dt 6 3Z

⎧ ∂ ⎛ ⎞= + + + +⎜ ⎟⎪ ∂ ⎝ ⎠⎪
⎪ ∂ ⎛ ⎞= + +⎨ ⎜ ⎟∂ ⎝ ⎠⎪
⎪ ∂ ⎛ ⎞= + +⎪ ⎜ ⎟∂ ⎝ ⎠⎩

&& && &&
&

&& &&
&

&& &&
&

Z;

  2.24 

      

      Sesabamisad, potenciuri energiis cvlilebebi - 

1 2 k1

2 1 k1

3 2 k2

1 1C (Y X) C (X Z) m g m g;
X 2

1m g C (Y X) m g;
Y 2

1m g C (X Z) m g.
Z 2

∂Π⎧ = − − + − − +⎪ ∂⎪
∂Π⎪ = − + − −⎨ ∂⎪
∂Π⎪

= − − +⎪ ∂⎩

k22

     2.25  
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    moZraobis amsaxvel diferencialur gantolebaTa siste-

mas eqneba saxe -  

 

1 k1 k2 k1 k2

1 2 k1 k2 0

k1 2 k1 2 1

k1

k2 3 k2 3 2

k2

1 1 1 1m m m X m Y m Z
3 3 6 6

1 1C (Y X) C (X Z) m g m g F ;
2 2

1 1m X m m Y m g C (Y X)
6 3

1m g;
2

1 1m X m m Z m g C (X Z)
6 3

1m g.
2

⎧⎛ ⎞+ + + + =⎜ ⎟⎪⎝ ⎠⎪
⎪
= − − − + − +⎪

⎪
⎛ ⎞⎪ + + = − − +⎜ ⎟⎪⎪ ⎝ ⎠

⎨
⎪+⎪
⎪

⎛ ⎞⎪ + + = − + − −⎜ ⎟⎪ ⎝ ⎠
⎪
⎪−
⎪⎩

&& && &&

&& &&

&& &&

2.26 

 

    ganvixiloT gardamavali reJimi Zabvis uecari Sewyveti-

sas (CavTvaloT, rom damxvev organos myisierad daedo muxr- 

uWi da misi gadaadgileba aseve myisierad gaxda nulis to-

li)  

01 k2 1 2 k1 k2 0

2 k1 2 1 k1

3 k2 3 2 k2

1 1 1 1m Y m Z C Y C Z m g m g F ;
6 6 2 2

1 1m m Y m g C Y m g;
3 2
1 1m m Z m g C Z m g.
3 2

⎧
+ = + + − +⎪

⎪
⎪⎛ ⎞+ = − +⎨⎜ ⎟
⎝ ⎠⎪
⎪⎛ ⎞+ = − − −⎪⎜ ⎟
⎝ ⎠⎩

&& &&

&&

&&

2.27 
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       amovxsnaT gantolebaTa sistema (2.27-is mixedviT) - 

     

1 2

2 k1 2 k1

3 k2

3 k2 3 k2

3C 6m 3mY Y
3m m 6m 2m

6m 3m3CZ Z
3m m 6m 2m

+⎧ + =⎪ + +⎪
⎨ +⎪ + = −
⎪ + +⎩

&&

&&

k1

2

g;

.
           2.28 

     Sesabamisi amonaxsnebi 0Y(0) Z(0) V= =& &  sawyisi piro-

bebisaTvis gveqneba ( 0V siCqarea, romeliTac moZraobdnen tv-

irTebi uecar damuxruWebamde)         

         

0
0 0

01

0
0 0

02

VY Y sin( t);

VZ Z sin( t)

⎧ = + ω⎪ ω⎪
⎨
⎪ = − + ω
⎪ ω⎩

1

2 .
               2.29 

sadac,  da Sesabamisad  da  tvirTebis wonas-

worobis wertilebia, anu manZilebi, romeliTac isini bagir-

ebs Wimaven. 

0Y 0Z 2m 3m

    32 k1
0 02 2

01 2 k1 02 3 k2

6m 3m6m 3mg gY ; Z
6m 2m 6m 2m

++
= =
ω + ω +

k2    2.30 

xolo - 

       2 21
01 02

2 k1 3 k

3C 3C;
3m m 3m m

ω = ω =
+ +

2

2

,         2.31 

Sesabamisad da  tvirTebis (bagirebis gaTvaliswineb-

iT) sakuTari rxevis sixSireebia. 

2m 3m
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     sistemaSi gadaxris maqsimaluri sidideebi gveqneba Se-

sabamisad 01t 2
π

ω =  da 02
3t
2
π

ω =  mniSvnelobebis dros da 

gamoisaxebian -  

              

0
max 0

01 0

0
max 0

02 0

VY Y 1 ;
Y

VZ Z 1
Z

⎧ ⎛ ⎞
= +⎪ ⎜ ⎟ω

.

⎪ ⎝ ⎠
⎨

⎛ ⎞⎪ = − +⎜ ⎟⎪ ω⎝ ⎠⎩

           2.32 

     ganvsazRvroT dinamikurobis koeficientebis mniSvnel-

obani - 

             

max 0
dY

0 01

max 0
dZ

0 02

Y VK 1
Y Y

Y VK 1
Z Z

⎧
= = +⎪ ω⎪

⎨
⎪ = = +⎪ ω⎩

0

0

;

.
           2.33 

     amrigad, dinamikurobis koeficientis sidide pirdapir-

proporciulia sawyisi siCqarisa da ukuproporciulia tvir-

Tebis masebisa.  
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     3. saSaxto amwevi manqanis dinamikuri reJimebi 

     

     ganvixiloT vertikaluri saSaxto amwevi manqanis sa-

muSao reJimebi. Tavidan SevadginoTHmoZraobis amsaxveli di-

ferencialur gantolebaTa sistema. 

      gamartivebul saangariSo sqemas aseTi saxe eqneba 

          

                        nax. 3.1  

     muSaobis specifikiT, amwevi manqana msgavsia saSaxto 

jalambrisa. amis gaTvaliswinebiT, Tuki CavsvavT sistemis 

kinetikur, potencialur energiebsa da ganzogadebul Zalis 

 mniSvnelobebs lagranJes gantolebebSi, miviRebT -   
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1 k1 k2 k1 k2

1 2 k1 k2 0

k1 2 k1 2 1 k1

k2 3 k2 3 2 k2

1 1 1 1m m m X m Y m Z
3 3 6 6

1 1C (Y X) C (X Z) m g m g F ;
2 2

1 1 1m X m m Y m g C (Y X) m g;
6 3 2
1 1 1m X m m Z m g C (X Z) m g.
6 3 2

⎧⎛ ⎞+ + + + =⎜ ⎟⎪⎝ ⎠⎪
⎪
= − − − + − +⎪⎪

⎨
⎛ ⎞⎪ + + = − − +⎜ ⎟⎪ ⎝ ⎠

⎪
⎛ ⎞⎪ + + = − + − −⎜ ⎟⎪ ⎝ ⎠⎩

&& && &&

&& &&

&& &&

3.1 

     sadac -  damxvevi organos da mis zedapirze yvela 

mbrunavi elementis masaa Zravasa da gadamcemi meqanizmis Ca-

TvliT; - Camavali tvirTis sruli masaa; - amavali 

tviTis sruli masa; - da  Camavali da amavali bagi-

rebis sixistis koeficientebi;  da  - Camavali da 

amavali bagirebis masa; 

1m

2m 3m

1C 2C

k1m k2m

X , da  - Sesabamisad ,  

da  masebis gadaadgilebebi;  - Zravas mier ganviTare-

buli Zala, dayvanili damxvevi organos zedapirze.  

Y Z 1m 2m

3m 0F

  SeniSvna: kudis bagiris masebi Sesabamisad  da mas-

ebzea damatebuli.  

2m 3m

   ganvixiloT avariuli damuxruWebis SemTxveva.  

   vTqvaT, sistema muSaobs nominaluri siCqariT,  masa 

wamoedo raRac dabrkolebas da uecrad gaCerda.  tvirTi  

3m

2m

da damxvevi organo, bagiris zambarirebis xarjze, agrZeleben 
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agrZeleben inerciiT moZraobas. Sesabamisad gaizrdeba daWim-

uloba amomaval bagirSi da rodesac es Zala gadaaWarbebs 

Zravas mier ganviTarebul Zalas, es ukanaskneli maxasiaTeb-

lis mdgrad Stodan gadava aramdgradSi, veRar ganaviTarebs 

pratikulad mniSvnelovan moments damxvev organoze da sis-

tema daiwyebs rxevas garkveuli kanoniT. ganvixiloT es Se-

mTxveva, Sromatevadi maTematikuri gardaqmnebis Tavidan ac-

ilebis mizniT, bagiris masebis gauTvaliswineblad. CavTval-

oT, rom amomavali tvirTi myisierad gaCerda da misi gadaa-

dgileba nulis toli gaxda. aseT SemTxvevaSi -  

           
( )1 1 2 1

2 1 1 2

m X C C X C Y 0;

m Y C Y C X m g.

⎧ + + − =⎪
⎨

+ − =⎪⎩

&&

&&
        3.2 

    

      am gantolebaTa sistemis amoxsna operaciul formaSi 

iqneba (ix. 3.3).    

   sadac 0V  sistemis moZraobis siCqarea procesis dasawy-

isSi. 

    maTematikuri Caweris simartivisaTvis SemoRebulia aR-

niSvnebi 

          2 1 2
1

1 1 2

C m mA C
m m m

+
= +  da  1 2

1 2

C CB
m m

= . 
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( )

( )

( )

( )

4 3 21 0 2 0
0 0 1

1 2
4 2

2 1
0

1 1
4 2

4 3 21 0 2 0 2
0 0 1 0

1 2 1
4 2

1 2
0

1
4 2

m X m YX P V P C P
m mX

P P AP B

C CA V P g
m m

;
P P AP B

m X m Y CY P V P g C Y P
m m m

Y
P P AP B

C CAV P g
m .

P P AP B

+⎧ + + +⎪
⎪ = →

+ +⎪
⎪

⎛ ⎞⎪ + − +⎜ ⎟⎪
⎝ ⎠⎪ →

⎪ + +⎪
⎨

⎛ ⎞+⎪ + + + −⎜ ⎟⎪ ⎝ ⎠⎪ = →
+ +⎪

⎪
+⎪ + +⎪

→⎪
+ +⎪⎩

3.3 

 

     ganvixiloT maxasiaTebeli gantoleba                  

                  
4 2P AP B 0+ + = . 

     igi warmoadgens bikvadratul gantolebas da misi 

amonaxsnebi iqneba 

            
2

2 2
1 1

A AP B
2 4

= − + − = ω ; 

            
2

2 2
2 2

A AP
2 4

B= − − − = ω .            3.4 

     rogorc amonaxsnebis analizi gviCvenebs, sistemis pa- 

rametrebis realuri mniSvnelobebis dros fesqveSa gamosax- 

uleba mudam dadebiTi sididea da SeiZleba daiweros 
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              1,2 1P i= ± ω ;  3,4 2P i= ± ω .            3.5 

     am ukanasknelTa gaTvaliswinebiT, maxasiaTebeli gan-

toleba SeiZleba ase warmovadginoT: 

            ( ) ( )4 2 2 2 2 2
1P AP B P P 2+ + = − ω − ω      3.6 

     vietas Teoremis Tanaxmad, 

         ( )2 2
1 2A = − ω + ω   da .           3.7  2 2

1 2B = ω ω

    3.3 sistemis amonaxsni iqneba 

 

2 22 2
2 1

0 1 1
0 12 2

1 2 1 2

2 2
0 2 1

0 1 22 2
1 2 1 2

C C
V m mX X sin( t) sin( t) ;

VY Y sin( t) sin( t) . 3.8

⎧

2

⎡ ⎤ω − ω −⎪ ⎢ ⎥
⎪ ⎢ ⎥= − ω − ω

ω − ω ω ω⎪ ⎢ ⎥
⎨ ⎢ ⎥⎣ ⎦⎪
⎪ ⎡ ⎤ω ω

= − ω − ω⎪ ⎢ ⎥ω − ω ω ω⎣ ⎦⎩

 

    

     da   SesaZlebelia gamoiTvalos 3.3 sistemidan 

 CasmiT (statikur gantolebaTa sistemidan) 

0X 0Y

P 0=

               1 2
0

1 2

C g m gX
m B C

= =  da  

              
( )1 2 1 2

0 2
1 1 2

C C g C CY m
m B C C
+ +

= = g .       3.9 

    Sesabamisi aCqarebebi iqneba 
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[ ]

2 20 2 2
1 2 1 2 1 22 2

1 2 1 1

0 1 2
2 1 1 22 2

1 2

V C CX sin( t)
m m

VY sin( t) sin( t) . 3.10

⎧
sin( t) ;

⎡ ⎤⎛ ⎞ ⎛ ⎞
= ω ω − ω − ω ω − ω⎪ ⎢ ⎥⎜ ⎟ ⎜ ⎟ω − ω⎪ ⎝ ⎠ ⎝ ⎠⎣ ⎦⎨

ω ω⎪ = ω ω − ω ω⎪ ω − ω⎩

&&

&&

 

     radgan bagiris masa ugulebelvyaviT, inerciis Zala 

gamoiTvleba mxolod tvirTebis masebis gaTvaliswinebiT, 

amitom  

      - CamavalisaTvis 

                ,                       3.11 1 2T m Y= &&

      - amavalisaTvis  

                .                 3.12      2 2 1T m Y m X= +&& &&

     statikuri datvirTvis mxedvelobaSi miRebiT 

                          3.13 
1 2 2

2 2 2 1

T m g m Y;
T m g m Y m X

⎧ = −⎪
⎨

= − −⎪⎩

&&

&& &&.

0

      (visargebleT im mosazrebiT, rom romelime wertilSi 

daWimulobis, inerciisa da statikuri Zalebis jami nulis 

tolia ). stF J T+ + =

      3.13 gamosaxulebidan ganisazRvreba daWimulobis maq-

simaluri mniSvneloba da saWiroa igi Sedardes bagiris gam-

glej Zalas.   
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         4. kiduli bagirgzis dinamikuri reJimebi 

      

     orbagirian, orvagonian, qanqariseburad moZrav kidul 

bagirgzas, principulad, SeiZleba aseTi saxe hqondes - 

 

                      nax. 4.1 

 

 sadac -  1- xaxunis amZravi Skivia; 

         2 - mimmarTveli Skivebi; 

         3 - damWimavi tvirTebi; 

         4 - savali urikebi; 

         5 - vagonebi; 

         6 - gamwevi bagiri; 

         7 - mzidi bagirebi.                            

     moZraobis amsaxveli diferencialur gantolebaTa sis-

temis Sedgenisas miRebulia garkveuli saxis daSvebebi, ro- 
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melTagan aRsaniSnavia: 

     1. amZravi Skivi, reduqtori, Zravas lilvi da saerT-

od, amZravis yvela elementi absoluturad xistia. 

     2. winaaRmdegobebis Zalebi, romlebic warmoiSveba sav-

ali urikebis mzid bagirze gadaadgilebisas, mudmivia da si-

mciris gamo SesaZloa maTi ugulebelyofa. 

     3. bagirgzis vagoni, saval urikasTan, qanqariseburadaa 

dakavSirebuli da misi rxevis sixSiris gamoTvlisas, eqviva-

lentur sixistis koeficients vangariSobT, rogorc vagonis 

wonis fardobas mis Camokidebis sigrZesTan.  

    4. mxedvelobaSi ar aris miRebuli bagiris Sinagani xa-

xunis anu disipatiuri Zalebi da process vixilavT rogorc 

araqrobads. 

    5. vagonis rxevas, savali urikis mimarT, vixilavT rog-

orc mcire rxevebs. anu gadaxris kuTxis mniSvnelobisas 

vuSvebT, rom  cos

α

1α ≈  da sin 0α ≈ .  

    6. gardamavali procesis ganxilvisas mxedvelobaSi ar 

viRebT gamwevi bagiris sigrZis cvalebadobas.                         

    7. mxedvelobaSi ar miiReba mzidi bagiris rxevis gavl-

ena gamwev bagirze. 

    aRniSnulis gaTvaliswinebiT, SesaZloa warmovidginoT 

bagirgzis saangariSo sqema: 
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     zemoT moyvanili meTodikiTO(releis meTodisa da la-

granJes gantolebebiT) daiwereba bagirgzisaTvis moZraobis 
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aRmweri diferencialur gantolebaTa sistema, (gaviTvalis-

winoT, rom k1 k3m m= ; k2 k4m m=  da amis mixedviT - 

.) k1 k4 k2 k3m m m m+ = +

( )
( )

( )
( )

1 1 1 4 2 5

2 2 2 4 1 5

1 3 4

1 1 2 2 4 4 4

2 1 1 2 5 5 5

6 6 6

7 7 7

m A X B X B X Q ;

m A X B X B X Q

m X Q
B X B X m A X Q ;

B X B X m A X Q ;

m X Q ;
m X Q .

⎧ + + + =
⎪

+ + + =⎪
⎪

= =⎪
⎪

+ + + =⎨
⎪

+ + + =⎪
⎪ = =⎪
⎪ = =⎩

&& && &&

&& && &&

&&

&& && &&

&& && &&

&&

&&

1

2;

                    4.1   

    sadac - k1 k4 k2 k3
1 1A (m m ) (m m
3 3

= + = + )  da 

 1 k1 k3
1 1m
6 6

= =B m ;  2 k2 k4
1 1m
6 6

= =B m . 

 ( ) ( )1 0 1 1 4 4 5 1Q F C X X C X X= − − + − ; 

 ( ) ( )2 2 4 2 3 3 2 5 3Q C X X X C X X X= − − − − − ; 

 ( ) ( )3 2 4 2 3 3 2 5 3Q C X X X C X X X= − − + − − ;  

 
( ) ( ) ( )4 1 1 4 2 4 2 3 6 4 6

4 1

Q C X X C X X X C X X
m g sin

= − − − − − − +

+ ⋅ α
 

( ) ( ) ( )5 3 2 5 3 4 5 1 7 5 7

5 2

Q C X X X C X X C X X
m g sin

= − − − − − − +

+ ⋅ α
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( )6 6 4 6 6Q C X X m g sin= − + ⋅

( )7 7 5 7 7Q C X X m g sin= − + ⋅
1;α

2α

4

. 

     bagirebis sixisteebi ( ) gamoiTvleba k1 k4m ...m 1C ...C

2 2

3

ESC
q l EScosl 1

12H

=
⎛ ⎞α

+⎜ ⎟
⎝ ⎠

 formulaSi l sigrZisa da asvlis 

 kuTxis Sesabamisi mniSvnelobebis CasmiT, xolo vagonis 

saval urikasTan eqvivalentur sixistis koeficients gamo-

vTvliT  

α

6
6

0

m gC
l

=  da 7
7

0

m gC
l

=  gamosaxulebebiT; sadac 

- vagonis Camokidebis sigrZea.   0l
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          5. saSaxto lenturi konveieris dinamikuri  

                      reJimebi 

 

     realur sakonveiero danadgarSi, konveieris lenti un-

da ganvixiloT rogorc ganawilebul parametrebiani kvanZi. 

grZivi mimarTulebiT deformaciis gavrcelebis siCqare gani-

sazRvreba rogorc - 

               k
Ega =
γ

,                      5.1 

sadac    E  - lentis masalis drekadobis modulia; 

g 9.81= m/wm2 ;  - lentis moculobiTi wona (konveieris 

zeda nawilsaTvis gadasatani tvirTis wonis CaTvliT). 

γ

      saangariSo sqemas SeiZleba hqondes aseTi saxe    

  

                    nax. 5.1 

sadac  ,  - sistemis yvela mbrunavi dayvanili masebi 

amZrav da damWimav dolebze;   aris  damWimavi doli-

1m 2m

3m 2m
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sa da   damWimavi tvirTis masebis jami;   - Zravas 

mier ganviTarebuli Zala amZrav dolze; 

0m 0F

X  da - Sesabami-

sad amZrav 1 da damWimav 2m  dolebis zedapirze wer-

til-ebis gadaadgile ebi Z - 3m  damWimavi tvirTis 

gada gileb 1C  da 2C - konveieris zeda da qveda lente-

bis sixistis koeficientebi, 

Y

m  

b ; 

ad a; 

;  

( ) C (Y Z X);
m Y C (X Y Z C (Y Z X);
m Z C (X Y C (Y Z X).

⎧ = − − + − −
⎪⎪ = − − − −⎨
⎪ = − + − −⎪⎩

&&

&&

&&

Sesabamisad

     moZraobis amsaxvel diferencialur gantolebaTa sis-

temas ( zemoT ganxiluli meTodebis gaTvaliswinebiT) eqneba 

saxe - 

       5.2    

1 0 1 2

2 1 2

3 1 2

m X F C X Y Z
)

Z)

−

−

−

     dinamikuri reJimis analizis gamartivebis mizniT davu- 

SvaT, rom zeda da qveda lentebis sixisteebi erTnairia, anu 

1 2C C C= = . maSin 5.2 sistema miiRebs saxes - 

                        5.3 

1 0

2

3

m X F 2C(X Y);
m Y 2C(X Y);
m Z 2CZ.

⎧ = − −
⎪⎪ = −⎨
⎪ = −⎪⎩

&&

&&

&&

      5.3 sistemis ukanaskneli gantoleba aris harmoniuli 

rxevis diferencialuri gantoleba, romlis amonaxsni nul- 

ovani sawyisi pirobebisaTvis (roca t 0= , maSin Z(0) 0=  
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da Z( ), iqneba - Z0) 0=& 0= . 

     amrigad, ganxilul SemTxvevaSi, roca 1C C2= , gar-

damaval reJimSi damWimavi tvirTi monawileobs ar Rebul-

obs.  

   davuSvaT, Zravas mier ganviTarebuli Zala icvleba wrfi-

vi kanoniT da gamoisaxeba, rogorc - 0 1F (V X)= β − & , sadac  

β  - Zravas meqanikuri maxasiaTeblis sixistis koeficientia, 

xolo 1V - Zravas damyarebuli siCqare. aseT SemTxvevaSi 5.3 

gantolebaTa sistema daiwereba - 

                      5.4 
1 1

2

m X (V X) 2C(X Y);
m Y 2C(X Y).

⎧ = β − − −⎪
⎨

= −⎪⎩

&& &

&&

    am sistemis amonaxsni operaciul formaSi iqneba 

        

2 2
1 2 1

2 2
1 2 1

1
2

1 2

V m P 2C V PX ;
m m P Q(P) m P Q(P)
2 V C 1Y .
m m P Q(P)

⎧ β + β + α
= =⎪

⎪
⎨

β⎪ =⎪⎩

                      5.5 

     aq Q(  maxasiaTebeli gantolebaa, p)

          3 2
1 2Q(p) P a P a P a3= + + + ,                            5.6 

sadac - 

1 2
1 2 3 1

1 2

m m2ca ; a ; a a ; ;
m m 1

.
m
+β

= = γα = α α = γ =  

     Sesabamisad, siCqareebi operaciul formaSi - 
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2
1

1

1

1 2

V PPX ;
m PQ(P)
2 V C 1PY .
m m PQ(P)

⎧ β + α
=⎪

⎪
⎨

β⎪ =
⎪⎩

                 5.7 

     aCqarebebi - 

        

2
2 1

1

2 1

1 2

V PP X ;
m Q(P)
2 V C 1P Y .
m m Q(P)

⎧ β + α
=⎪

⎪
⎨

β⎪ =
⎪⎩

                   5.8 

           me- 7 TavSi vnaxavT, rom dinamikuri rJimis optimiza- 

ciisaTvis sasurvelia, Tuki amZravi Zravas meqanikuri max-

asiaTeblis sixiste β - s mniSvnelobad aviRebT sidides -  

1/2 3/4
1mβ = α γ . 

       aseT SemTxvevaSi 3 2
1 2Q(p) P a P a P a3= + + +  max-

asiaTebeli gantoleba miiRebs saxes 

       
3 1/2 3/4 2 3/2 3/4Q(p) P P P= + α γ + αγ + α γ .       5.9  

    gamovikvlioT am gantolebis diskriminanti [4]  

               

3 2
1 2z zD

3 2
⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

,                5.10       

sadac     

        2 1
1 2 1

1 1z a a 1
3 3

⎛ ⎞= − = γα − γ⎜
⎝ ⎠

/2
⎟   da          5.11 
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3
3/2 3/4 3/21 1 2

2 3
a a a 2z 2 a 1
3 3 27 3

γ⎛ ⎞ ⎛ ⎞= − + = α λ γ − +⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

.  5.12     

      realur pirobebSi, masis fardoba  masasTan  2m 1m

( damWimavi dolis fardoba amZrav dolTan) 0.3...0.4- ia da 

amis gaTvaliswinebiT miviRoT, rom  2

1

m1 1.3...1.4
m

γ = + = , 

maSin -  

1/2
1

1z 1 0.827
3

⎛ ⎞= αγ − γ = α⎜ ⎟
⎝ ⎠

  

3/2 3/4 3/2 3/2
2

2z 1
27 3

γ⎛ ⎞= α λ γ − + = α⎜ ⎟
⎝ ⎠

0.834

α

   da  

3D 0.195= .                                     5.13    

     D diskriminantis mixedvviT, maxasiaTebel gantolebas 

aqvs erTi namdvili da ori SeuRlebuli komleqsuri fesvi - 

     1
1

aP A B
3

= + −      da       1
2,3

aA B A BP 3
2 2

i
3

+ −
= − ± − . 

        sadac - 23
zA D
2

= − +   da 23
zB D
2

= − − .   5.14 

     5.14 - is gaTvaliswinebiT -  

3/2 323 3

1/2

z 0,834A D 0,195
2 2

0.291 ;

= − + = − α + α =

= α
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3/2 323 3

1/2

z 0,834B D 0,195
2 2

0.951 .

= − − = − α + α =

= − α

        5.15 

          maxasiaTebeli gantolebis fesvebi iqneba   -     

( ) 1/2 1/21
1

aP A B 0,291 0,951 0,418 1,078 ;
3

= + − = − − α = − α

analogiurad -

( )

1
2,3

1/2

1/2

aA B A BP 3 i
2 2 3

0.291 0.951 0.291 0.9513 i 0.418
2 2

0.088 1.076i ; 5.16

+ −
= − ± − =

− +⎛ ⎞= − ± − α =⎜ ⎟
⎝ ⎠

= − ± α

 

da maxasiaTebeli gantoleba gadaiwereba -  

( ) ( )
( ) ( )

21/2 1/2

2 2
0

Q(p) P 1.078 P 0.088 1,158

P b P a

⎡ ⎤= + α + α + α =⎢ ⎥⎣ ⎦
⎡ ⎤= + + + ω⎣ ⎦

.  5.17          

5.7 sistemidan ganvsazRvroT amZravi dolis siCare 

( ) ( )

2 2
1/2 3/41

x 1 2 2
1 0

V P PV V
m PQ(P) P P b P a
β + α + α

= = α γ
⎡ ⎤+ + + ω⎣ ⎦

.  5,18 

  xolo originali iqneba -  

1/2 3/4 at bt
x 1 1 0 1 1 1V V A e sin( t ) B e K⎡ ⎤= α γ ω + ϕ + +⎣ ⎦ .         5.19 

sadac  
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( )
( ) ( )

1/222 2 2 2
0 0

1 22 2 2
0 0 0

a 4a1A
a a b

⎧ ⎫− ω + α + ω⎪ ⎪= ⎨ ⎬ω ⎡ ⎤+ ω − + ω⎪ ⎪⎣ ⎦⎩ ⎭

;    

    
( )

2

1 2 2
0

bB
b a b

+ α
=

⎡ ⎤− + ω⎣ ⎦
;    

( )1 2 2
0

K
b a

α
= −

+ ω
;   5.20 

    0 0
1 2 2

0

2aarctg arctg arctg
a a b

0

a
ω ω ω

ϕ = − −
− ω + α −

.   

     anlogiurad ganisazRvreba damWimavi dolis siCqare. 

Y    5.7 sistemidan, operaciul formaSi -   

    

( ) ( )

1
y

1 2

3/2 3/4
1 2 2

0

2 V C 1V
m m PQ(P)

1V
P P b P a

β
= =

= α γ
⎡ ⎤+ + + ω⎣ ⎦

         5.21 

       xolo originali iqneba -  

   3/2 3/4 at bt
y 1 2 0 2 2 2V V A e sin( t ) B e K⎡ ⎤= α γ ω + ϕ + +⎣ ⎦ ,  5.22  

     sadac  

     

( ) ( )
2 1/21/2 22 2 20

0 0

1 1A
a a b

=
ω ⎡ ⎤+ ω − + ω⎣ ⎦

 ;    

   
( )2 2 2

0

1B
b a b

=
⎡ ⎤− + ω⎣ ⎦

;    
( )2 2 2

0

1K
b a

= −
+ ω

;   5.23 

    0 0
2 arctg arctg

a b a
ω ω

ϕ = − −
−

.  
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       6. deformaciis Zalis gaangariSeba bagirSi 

          amwevi meqanizmebis amuSavebis dros 

 

     zogadad, drekad elementebian sistemebSi, araTanabari 

muSaobis (gardamavali periodebis) dros, sistemis gadatvir-

Tvis Sesafaseblad SemoRebulia e.w. dinamikurobis koeficie-

nti , romelic ganisazRvreba, rogorc dinamikuri reJimis 

maqsimaluri daWimulobis fardoba statikuri daWimulobis 

saSualo sididesTan - 

dK

max
d

12.0

FK
F

= . 

      drekadobis F c(x y)= −12  Zalis gamoTvlisaTvis, vis-

argebloT  

                           6.1 
1

2 2

m x F c(x y);
m y c(x y) m g.

= − −⎧
⎨ = − −⎩

&&

&&

gantolebaTa sistemiT (zedmeti maTematikuri gardaqmnebis 

Tavidan acilebis mizniT bagiris masas mxedvdlobaSi ar vi-

RebT, miT umetes, rom aseTi gamartiveba relur suraTs di-

dad ar Secvlis). gavamravloT sistemis pirveli gantoleba 

-ze, meore -ze da pirvels gamovakloT meore. miviR-

ebT drekadobis Zalis amsaxvel diferencialur gantolebas  

2m 1m

                 12 122
1 F F f+ =
ω

&& ,                  6.2 

sadac –  
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2 2
2 1 2 2 1 2 2 2

1 2 1 2

2
2 2 2 0

1 2

Fm m m g Fm m m g m g m gf
m m m m

F m gm m g m (a g),
m m

+ + + −
= =

+ +
−

= + = +
+

=
 

 imis gaTvaliswinebiT, rom  

                  2
0

1 2

F m g a
m m
−

=
+

. 

       6.2  diferencialuri gantolebis amoxsniT miiReba 

    

2
2

12 2
c VF (f m g) sin(ωt )
ω
Δ⎛ ⎞= − + + ϕ +⎜ ⎟

⎝ ⎠
f ,    6.3  

sadac -  

             
2

c Varctg
(f m g) 2

Δ π
ϕ = −

ω −
, 

xolo VΔ - siCqareTa sxvaobaa amuSavebis dasawyisSi. igi 

gamowveulia bagiris “moSvebiT”. amuSavebis dasawyisSi, bagi-

ris moSvebis xarjze, jer aCqardeba mxolod  masa da 

bagiris masis naxevari (bagiris masa rom gagveTvaliswin-

ebina). 

1m

     drekadobis Zalis maqsimaluri sidide miiReba 

 mniSvnelobisaTvis da Seadgens – tω + ϕ = π / 2

          

2
2

12.max 2
c VF (f m g) Δ⎛ ⎞ f= − + ⎜ ⎟ω⎝ ⎠

+ ;      6.4 

aseT SemTxvevaSi dinamikurobis koeficienti 
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              12.max 12.max
d

12.0

F FK
F f

= = , 

iqneba - 

          
( )22

2
d

(f m g) c V /ω
K 1

f
− + Δ

= +  .      6.5   

      Tuki sistema Tavidanve moWimuli iqneboda, 

( V 0Δ = ) – 

     2 2
d

2 0 0

f m g m g gK 1 2 2
f m (a g) a g

−
= + = − = −

+ +
.   6.6 

     zemoT moyvanili analizidan sCans, Tu ra didi mniS-

vneloba aqvs imas, rom bagiri Tavidanve iyos moWimuli.  
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          7. dinamikuri reJimebis optimizacia 

 

     zogadad, dinamikuri reJimis optimizaciis cnebaSi 

igulisxmeba sistemis Siga meqanikuri rxevebis Caqroba gar-

damavali periodis dros. Cveulebriv, mravalmasian siste-

maSi, romelsac Tavisuflebis mravali xarisxi gaaCnia, opti-

mizacia xorcieldeba ZiriTadi (dabali) sixSiris mimarT. 

ganvixiloT mmarTveli zemoqmedebis optimizaciis sakiTxi 

erTboloiani amwevis amuSavebis magaliTze.    

     2.9 sistemaSi pirveli gantolebis yvela wevri gavam-

ravloT -ze, xolo meoresi -ze. Semdeg pirvels ga-

movakloT meore, miRebuli gantolebidan ganvsazRvroT  

da gvawarmooT orjer, y -sa da misi orjer warmoebulis 

mniSvneloba SevitanoT sistemis meore gantolebaSi da 

gveqneba (gaviTvliswinoT, rom 

22a 12a

y

4 2
x

4 2
d x d a
dt dt

= ) - 

                
2

x
x2 2

d a1 a a
dt 0+ =

ω
,                7.1 

anlogiuri gardaqmnebiT 

               

2
y

y2 2

d a1 a a
dt 0+ =

ω
.                7.2 

      aq da  igive sidideebia, rac wina paragrafebSi. 2ω 0a

      amZravis mier ganviTarebuli dinamikuri Zala  
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d 0F F Q= − SevcvaloT  droSi im mniSvnelobamde, ro-

melic saWiroa saangariSo aCqarebis misaRebad 

0t 0F

0a

               d 0 0
0

tF F
t

t= = ε .                    7.3 

      am ukanasknelis gaTvaliswinebiT, amwevi WurWlis aC-

qareba iqneba  

              

2
y

y2 2

d a1 a
dt

t+ = ρ
ω

,                  7.4 

sadac 0

m
ε

ρ =
∑

, m/wm3  e.w. biZgi anu aCqarebis warmoebulia. 

     nulovani sawyisi pirobebisaTvis am gantolebis amox-

sna gvaZlevs 

            y
1a t - sin( t)⎡ ⎤= ρ ω⎢ ⎥ω⎣ ⎦

.                 7.5 

     vTqvaT, amwevi WurWlis aCqareba  drois mniSvne-

lobisaTvis gamoisaxeba  

1t

           y1 1 1
1a t - sin( t )⎡ ⎤= ρ ω⎢ ⎥ω⎣ ⎦

                7.6  

sididiT, xolo  mniSvnelobisaTvis  (2t 2 1t t t0= + ) - 

           y2 2 2
1a t - sin( t )⎡ ⎤= ρ ω⎢ ⎥ω⎣ ⎦

.               7.7  

     ganvsazRvroT y2 y1 ya a a− = Δ  sxvaoba 
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      ( )y 2 1 2 1
1a t - t - sin( t ) - sin( t )⎧ ⎫Δ = ρ ω ω⎡ ⎤⎨ ⎬⎣ ⎦ω⎩ ⎭

,    7.8 

anu 

     

2 1 2 1
y 0

0 2 1
0

t - t t t2a t - sin cos
2 2

t t t2t - sin cos .
2 2

+⎛ ⎞Δ = ρ ω ω =⎜ ⎟ω⎝ ⎠
+⎛ ⎞= ρ ω ω⎜ ⎟ω⎝ ⎠

     7.9 

     Tuki dinamikuri Zalis cvlilebis drois mniSvnel-

obad aviRebT 0
2t Tπ

= =
ω

sidides, sabolood gveqneba       

                    ya 0tΔ = ρ .                    7.10 

      amrigad, dinamikuri Zalis cvalebadobis drois mni-

Svnelobad Tuki aiReba drekadi sistemis sakuTari rxevis 

sixSiris periodi, rxeviT process gardamaval procesSi ad-

gili ar eqneba (sistema dinamikurad optimaluria). meqani-

kuri rxevebis didi sixSireebis (mcire periodebis) dros, 

SesaZlebelia  aviRoT mTel ricxvjer meti sistemis sa-

kuTari rxevis sixSiris periodze -        

0t

           0
2t = K, (K = 1,2,....)π
ω

.                7.11 

     sistemaSi rxevis Caqroba SesaZlebelia sxva gziTac. 

marTalia, am SemTxvevaSi rxevis mTlianad Caqroba ar xdeba, 

magram wina meTodTan SedarebiT advili gansaxorcielebelia. 

kerZod, unda visargebloT Zravas bunebrivi TvisebiT, rom-
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lis meSveobiTac igi meqanikur rxevebze axdens madempfire-

bel gavlenas. rodesac Zrava meqanikuri maxasiaTeblis swor-

xazovan ubanze muSaobs, maSin Zala siCqaris proporciulia 

da icvleba kanoniT 

                 0F (V V)= β − ,                    7.12   

sadac  Zravas meqanikuri maxasiaTeblis sixistis koefici-

entia, xolo 

β

0V – sinqronuli brunvaTa ricxvis Sesabamisi 

siCqare.  

     dadgenilia, rom, rodesac β =0 an β =∞ , maSin Zrava 

madempirebel Tvisebebs ver amJRavnebs, magram am SualedSi 

SeiZleba moiZebnos β -s iseTi optimaluri mniSvneloba, ro-

mlis drosac rxevebis Caqroba iqneba maqsimaluri. 

     arsebobs β -s gansazRvris grafikuli xerxi {1}. Ggar-

da imisa, rom es meTodi arazustia, xSirad SerCeuli six-

istis maxasiaTebeli amuSavebis dros iwvevs dauSvebel, Warb 

aCqarebas (magaliTad, bagirgzebSi, saCamomsxmelo amweebisaT-

vis da sxv.).  Cvens mier SemoTavazebulia β -s gansazRvris 

analizuri meTodi, sadac mamoZravebeli Zala icvleba Sem-

degi kanoniT: 

                 F ( t V)= β ε − ,                   7.13 

aq  proporciulobis koeficientia. amasTan daculi unda 

iqnes piroba – 

ε

0t Vε ≤ . 
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     amwevis amuSavebis amsaxveli gantolebaTa sistema, 

(Tuki mxedvelobaSi ar miviRebT bagiris masas), daiwereba 

                       7.14 
1

2

m x ( t x) c(x y),
m y c(x y).

= β ε − − −⎧
⎨ = −⎩

&& &

&&

    Aam gantolebaTa sistemis amonaxsni operaciul formaSi 

iqneba 

                

2

1 3

1 3

Px a ,
P Q(P)

1y a .
P Q(P)

⎧ + α
= ε⎪⎪

⎨
⎪ = αε
⎪⎩

               7.15 

A    aq Q(  maxasiaTebeli gantolebaa, p)

          3 2
1 2Q(p) P a P a P a3= + + + ,             7.16 

sadac - 

1 2
1 2 3 1

1 2

m mca ; a ; a a ; ;
m m 1

.
m
+β

= = γα = α α = γ =  

  masis aCqareba operaciul formaSi iqneba 2m

                
2

3
1P y a .

PQ(p)
= ε                  7.17 

     Tu maxasiaTebel gantolebaSi davuSvebT P 0= , maSin 

gardamavali procesis dasasruls, masis aCqarebis damya-

rebuli mniSvneloba  

2m

               3
3

1y a .
a

= ε = ε&&                     7.18  
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    maSasadame, Tu meqanizmisTvis SezRudulia aCqareba, ma-

Sin ε  dasaSvebi aCqarebis toli unda iyos. 

     rogorc ukanaskneli formulidan Cans, sistemis para-

metrebi gavlenas ar axdenen aCqarebis damyarebul mniSvnel-

obaze, magram isini imoqmedeben gardamavali procesis xasiaT-

ze. 

    M masis aCqareba zogadi saxiT miiReba  7.17 - is amo-

xsniT, 

2m

          at bt
3 2 2 2y a A e sin( t ) B e K⎡ ⎤= ε ω + ϕ + +⎣ ⎦&& ,  7.19       

sadac, da gantolebis koeficientebia; b - max-

asiaTebeli gantolebis namdvili fesvia, xolo  da 

2A , 2B 2K

a ω  – 

Sesabamisad, amave gantolebis kompleqsuri fesvis namdvili 

da warmosaxviTi nawilebi. 

      amis Semdeg  SeiZleba ase warmovidginoT Q(p)

              
2 2Q(P) (P b)[(P a) ]= − − + ω .        7.20 

      imisaTvis, rom gardamavali procesi gavxadoT 

monotonuri, gamovikvlioT maxasiaTebeli gantoleba.  

     viSnegradskis mixedviT 

                 3 2Z XZ YZ 1 0+ + + = ,          7.21  

 sadac     Y 

          1
23 3 3

3 3 3

a aPZ ; X ; Y
a a a

= = = 2 .         7.22 
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     rogorc cnobilia, procesi mdgradia, Tu XY 1f . am 

magaliTiSi 

          1 2 1

3 1

a a aXY 1
a a

αγ
= = = γ

α
f ,               7.23 

maSasadame, Cveni SemTxvevisaTvis, procesi yovelTvis mdgra-

di iqneba.  

    viSnegradskis gantolebis diskriminanti aris 

            7.24 
3 3 2 2108D 4(X Y ) X Y 18XY 27.= + − − +

     rxevebis Caqroba miT ufro swrafad moxdeba, rac 

ufro didia rxevis Caqrobis logariTmuli dekrementi 

2π
λ =

ω
. anu, rac ufro mcire sididisaa maxasiaTebeli gan-

tolebis diskriminanti. movZebnoT misi minimumi X -sa da Y -

is mixedviT - 

             

2 2

2 2

D 12X 2XY 18Y 0,
X
D 12Y 2X Y 18X 0.
Y

∂⎧ = − − =⎪⎪∂
⎨∂⎪ = − − =
⎪∂⎩

       7.25 

     diskriminanti minimumia, rodesac X =  da nulis 

toli xdeba, roca 

Y

X = =3. am SemTxvevaSi yvela fesvi 

namdvilia, procesi ki – aperioduli. 

Y

     magram, meores mxriv, Tu = =3, gamodis, rom X Y

2 2

1

mX 9 1
m

= = γ = + . realuri danadgarebisaTvis (samTo man-
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qanebisaTvis) masebs Soris aseTi Tanafardoba (1:8) ararea-

luria. praqtikulad, yovelTvis,  . amitom process 

milevadi, rxeviTi xasiaTi eqneba. 

9γ p

     imisaTvis, rom miviRoT am TvalsazrisiT teqnikurad 

optimaluri procesi, unda davicvaT piroba X =Y  da aqedan 

gamomdinare, ganvsazRvroT β -s mniSvneloba 

                 4 4 2
1m 3β = ⋅ α ⋅ γ .                7.26 

     -s aseTi mniSvnelobis dros Caqrobis logariTmuli 

dekrementis -s mniSvneloba maqsimaluria.   

β

λ

    samTo gamunamuSevrebSi aris SemTxvevebi, rodesac saS-

axto jalambars uxdeba muSaoba cvalebad daxris kuTxian 

trasaze (ix. nax. 7.1). 

    muSaobis aseTi reJimi mniSvnelovnad gansxvavdeba Cveu-

lebrivisagan, anu iseTisagan, roca daxris kuTxe mTel tra-

saze mudmivia. 

         
                                         nax. 7.1 
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             daxris kuTxis mqone trasaze moZraobisas jalam-

bris amZrvi 1 muSaobs rekuperaciul reJimSi da m  masiani 

vagoni sixistis mqone sawev bagirs Wimavs ZaliT-

. daxris kuTxeze gadasvlisas, , bagiri 

daiWimeba  ZaliT da wagrZeldeba 

1γ

1c

1mgsin γ 2γ 2γ 1f γ

2mgsin γ xΔ  sididiT – 

             2

1 1

mg(sin sin )Qx
c c

γ − γ
Δ = = 1 .        7.27   

     radganac amZravi Zrava didi sixistis mqone bunebriv 

meqanikur maxasiaTebelze muSaobs, igi daamuxruWebs Camaval 

tvirTs da bagiris drekadobis xarjze sistemaSi aRiZvreba 

iZulebiTi rxevebi, rac uaryofiTad moqmedebs muSaobis 

reJimze. 

     bagiraSi rxevis CaqrobisaTvis sawevi bagiri Semova-

vloT mimmarTvel Skivs 2 da es ukanaskneli uZrav zedapir-

Tan davamagroT sixistis mqone zambariTa da k  demp-

firebis mqone amortizatoriT. aRvweroT es procesi maTe-

matikurad. 

2c

     angariSis gamartivebis mizniT davuSvaT, rom amZravis 

Zravas meqanikuri maxasiaTebeli absoluturad xistia. mimm-

arTveli Skivebis 2, 3 da bagiris 4 masebi ugulebelvyoT 

jalambris moZraobis siCqare miviRod nulis tolad. aseTi 

daSvebebi, Cveni azriT, didad ar imoqmedebs aRwerili pro-
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cesis saboloo Sedegis warmodgenaze. vagonis gadaadgileba 

trasaze avRniSnoT x -iT, mimmarTvel Skivze (2) bagiris ga-

daadgileba -iT, xolo am Skivis centris gadaadgileba -

iT. aseTi SemTxvevisaTvis moZraobis aRmwer diferencialur 

gantolebaTa sistemas eqneba saxe – 

y z

                            7.28 

1

1 2

mx Q c (x y);
2c (x y) c z kz;
y 2z.

= − −⎧
⎪ − = +⎨
⎪ =⎩

&&

&

      sistemis amonaxsni operaciul formaSi Caiwereba – 

     1 24c c1x P Q,⋅
mP k

+⎛ ⎞= +⎜ ⎟Δ ⎝ ⎠
 12cz Q

kmP
= .    7.29 

Δ

     aris maxasiaTebeli gantoleba da gamoisaxeba Δ

                  3 2
1 2P a P a P a3Δ = + + + ,        7.30  

sadac  

       1 2 1 1 2
1 2 3

4c c c c ca ; a ; a
k m

.
km

+
= = =          7.31 

    sistemaSi aRZruli iZulebiTi rxevebis Tavidan asacil-

eblad maxasiaTebel gantolebaSi SevarCioT koeficientebi 

ise, rom gardamaval process hqondes aperioduli xasiaTi. 

teqnikuri optimumis pirobidan gamomdinare, sasurvelia max-

asiaTebel gantolebas hqondes jeradi fesvebi. amisaTvis sak-

marisia daculi iqnas piroba:  da . am 

ukanasknelTa gaTvaliswinebiT miiReba:  

2
1a 3a= 2

3
1 3a 27a=
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             2 1
1c
2

= c  da 1
2k 3m
3

= c ;         7.32 

maSin -    
3

1 1
1 2 3 3

c c ca 3 ; a ; a
m m 27m

= = = 1 .     7.33  

     avRniSnoT - 1c
3m

α =  da gveqneba 

       .      7.34  
3 2 2 3P 3 P 3 P (P )Δ = + α + α + α = + α 3

     aseT SemTxvevaSi, vagonisa da mimmarTveli Skivis gada-

adgilebebi operaciul formaSi ase gamoisaxeba 

     3 3
Q P 3 4Q 1x ; z
m P(P ) 3m P(P )

,+ α α
= ⋅ = ⋅

+ α + α
    7.35 

xolo originalSi iqneba -  

         
2 t

2 2
Q 3 3 3x t t
m

−αe ,⎡ ⎤⎛ ⎞= − + +⎜ ⎟⎢ ⎥αα α⎝ ⎠⎣ ⎦
      7.36 

        
2 t

2 2
4Q 1 1 1 1z t
3m 2

−αt e⎡ ⎤⎛ ⎞= − + +⎜ ⎟⎢ ⎥αα α⎝ ⎠⎣ ⎦
.     7.37 

     Sesabamisad, siCqareebi - 

  ( ) tQx 1 t te
m

−α= + α& ,   2 t2Qz t e
3m

−α= α& .         7.38 

    xolo aCqarebebi - 

( )2 2 tQx 1 t t e
m

−α= + α − α&& , ( ) t2Qz 2 t te
3m

−α= − α&& .   7.39 

     gardamavali procesis dasasruls, 
4t ≈
α
wamis  
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Semdeg, vagoni da mimmarTveli Skivi gadaadgildebian -  

             2
1

3Q 1 9Qx
m c

≈ ⋅ =
α

     da          

             2
1

4Q 1 4Qz
3m c

≈ ⋅ =
α

,                 7.40   

sidideebiT, xolo 
1 5t

2
+

=
α

 wamis Semdeg vagonis siCqare 

gaizrdeba max
Qx 0.84
m

≈
α

&  sididemde, Semdeg ki Semcirdeba 

Tavis sawyis mniSvnelobamde. vagonis aCqarebis maqsimaluri 

mniSvneloba miiReba 1t 0= , xolo Senelebis - 2
3t =
α
  dro-

is gavlis Semdeg da Sesabamisad iqnebian – 

      max .1
Qx
m

=&&  da  3
max .2

Q Qx 5 e 0.25
m m

−= − ≈ −&& .  

      rogorc vxedavT, vagonis aCqarebis maqsimaluri mni-

Svneloba oTxjer metia misi Senelebis sidideze. 

     amrigad, mimmarTveli Skivisa da masTan erTad zambarisa 

da amortizatoris dayenebiT, zambaris sixistisa da amorti-

zatoris koeficientebis optimaluri mniSvnelobebis SerCe-

viT, sistemaSi saerTod ar aRiZvreba iZulebiTi rxevebi da 

process eqneba aperioduli xasiaTi. 

     am bolo dros miRweulma arnaxulma warmatebebma Zra-

vebis marTvis TvalsazrisiT, SesaZlebeli gaxada TviT Zra-
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vas saSualebiT ganvaxorcieloT sistemis dinamikuri proce-

sebis optimizacia [5] . 

    ganvixiloT ramdenadaa SesaZlebeli, Zravas saSualebiT 

gadavwyvitoT zemoT ganxiluli amocana. magaliTis analizis 

gamartivebis mizniT avirCioT yvelaze martivi manqana, ker-

Zod, I TavSi ganxiluli amwevi meqanizmi -     

                     

                      nax. 7.2 

     imisaTvis, rom amwevi meqanizmis muSaobis reJimi msga-

vsi iyos zemoT ganxilulisa, kerZod, saSaxto jalambris 

muSaobisa cvalebad daxris kuTxian trasaze, ganvixiloT 

aseTi SemTxveva. bagiri Tavian ar iyo moWimuli da moZrao-

bis dasawyisSi, masas  aCqarebis sidide gaaCnia. vis-

argebloT 1.23 gantolebaTa sistemiT, im gansxvavebiT, rom 

 masaze Zrava anviTarebs garkveul Zalas -   

1m g

2m
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2

1 12

2

2 02

d xm m g c(x
dt
d ym c(x y) F
dt

⎧
= − −⎪

⎪
⎨
⎪ = − +⎪⎩

y),

.
            7.41 

     SevkriboT 7.41 sistemaSi Semavali gantolebebi  da 

gamovTvaloT 
2

2
d y
dt

. amis Sedegad miiReba -  

            
2 2

1 0 1
2 2

2 2

m g F md y d x
dt m m dt

+
= − .            7.42 

      7.41 sistemis pirveli gantolebidan ganvsazRvroT  

da gavawarmooT orjer 

y

            
2 4

1
2 4

md y d x d x
dt c dt dt

= +
2

2 ,                7.43 

am ori ukanaskneli gamosaxulebis gatolebiT iqneba -  

             
4 2

02 4 2
d x d x1 a

ω dt dt
+ = .                 7.44 

     analogiurad miiReba masisTvisac - 2m

             
4 2

02 4 2
d y d y1 a

ω dt dt
+ = ,                 7.45 

Tu gaviTvaliswinebT, rom 
2

x 2
d xa
dt

=  da 
2

y 2
d ya
dt

=  

gveqneba -         
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2
x

x 02 2

2
y

y 02 2

d a1 a a
ω dt

d a1 a a
ω dt

⎧
+ =⎪

⎪
⎨
⎪ + =⎪⎩

;

.
                7.46 

     sadac, rogorc zemoT iyo aRniSnuli, sistemis rxevis 

kuTxuri sixSire da saSualo aCqarebis sidideebia  

         2 1 2

1 2

c(m m )ω
m m

+
=   da   1 0

0
1 2

m g Fa
m m

+
=

+
 

 gamosaxulebebi. gardamavali reJimis dasawyisSi, Zravas gan-

vaviTarebinoT Zala - 

             0 2 1 2
0

tF m g (m m )g
T

= − + ,            7.47 

sadac 0
2T π

=
ω

 sistemis rxevis periodia.   

  aseT SemTxvevaSi saSualo aCqarebis sidide miiRebs saxes -    

1 2 1 2
1 0 0

0
1 2 1 2 0

gtm g m g (m m )
m g F T ta g
m m m m T

+ − +
⎛ ⎞+

= = = −⎜+ + ⎝ ⎠
1 ⎟  7.48   

     xolo 7.46 gantolebaTa sistema daiwereba - 

          

2
x

x2 2
0

2
y

y2 2
0

d a1 ta g 1
Tdt

d a1 ta g 1
Tdt

⎧ ⎛ ⎞
+ = −⎪ ⎜ ⎟

ω ⎝ ⎠⎪
⎨

⎛ ⎞⎪ + = −⎜ ⎟⎪ω ⎝ ⎠⎩

;

.
               7.49   
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     rogorc 7.48 sistemidan Cans, moZraobis dasawyisSi, 

roca , orive masis sawyisi aCqarebebi tolia 

sididisa.   

t 0=

x ya (0) a (0) g= =

     CavweroT 7.48 gantoleba operaciul formaSi 

       

( )

( )

2 0
x x2 2

2 0
y y2 2

P 1/ T1 P a Pg a g ;
P

P 1/ T1 P a Pg a g .
P

⎧ −⎛ ⎞− + = ⎜ ⎟⎪ω⎪ ⎝
⎨

−⎛ ⎞⎪ − + = ⎜ ⎟⎪ω ⎝ ⎠⎩

⎠
         7.50 

     radganac orive gantoleba msgavsia da erTnairi sawy-

isi pirobebi gaaCniaT, amitom maTi amonaxsnebic erTnairi 

iqneba - 

     

x y
0

0

g 1a a g - t - sin( t)
T

t 1g 1- - sin( t) .
T 2

⎡ ⎤= = ω =⎢ ⎥ω⎣ ⎦

⎧ ⎫⎡ ⎤⎪ ⎪= ω⎨ ⎬⎢ ⎥π⎪ ⎪⎣ ⎦⎩ ⎭

           7.51 

       drois gavlis Semdeg aCqarebis sidideebi nu-

lis toli gaxdeba. aseve nulis tolia saSualo aCqarebis 

sidide da 7.48 gantolebaTa sistema miiRebs saxes -  

0t T=

                

2
x

x2 2

2
y

y2 2

d a1 a 0
dt

d a1 a 0
dt

⎧
;

.

+ =⎪
ω⎪

⎨
⎪ + =⎪ω⎩

                7.52 
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     am gantolebaTa sistemis amonaxsni nulovani sawyisi 

pirobebisaTvis, rasakvirvelia nuli iqneba. e. i. orive masa 

moZraoben Tanabari siCqariT rxevis gareSe. Zravas optimal-

uri marTvis saSualebiT sistemac gaxda dinamikurad opti-

maluri. 

     gamovTvaloT is siCqare, romelsac miaRwevs orive masa 

gardamavali periodis dasasruls. 

 

T T0 0

x y x
00 0

t 1V V a dt g 1 sin( t) dt
T 2

⎧ ⎫⎡ ⎤⎪ ⎪= = = − − ω⎨ ⎬⎢ ⎥π⎪ ⎪⎣ ⎦⎩ ⎭
∫ ∫  .   7.53 

     saidanac - 

      x y 0 0
1 gV V gT 1 cos( T
2 2

= = + − ω )⎡ ⎤⎣ ⎦πω
.        7.54 

Tu gaviTvaliswinebT, rom 0T 2ω = π , saboloodDgveqneba 

           x y 0
1 1 2V V gT g
2 2

π π
= = = =

ω ω
g
.          7.55 

     e. i. siCqare nulovani mniSvnelobidan gaizarda am sak-

maod did mniSvnelobamde, magram unda gaviTvaliswinoT, rom 

Cven magaliTSi, aCqarebis sawyis mniSvnelobad aviReT Tavis-

uflad vardnili sxeulis aCqareba, realur pirobebSi ki aC- 

qareba bevrad naklebia 9.81 m/wm2 - ze.              
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